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Abstract We obtain the analytic solutions of the radial part of the massless
Klein-Gordon equation in the spacetime of both three dimensional rotating
and four dimensional canonical acoustic black holes, which are given in terms
of the confluent Heun functions. From these solutions, we obtain the scalar
waves near the acoustic horizon. We discuss the analogue Hawking radiation
of massless scalar particles and the features of the spectrum associated with
the radiation emitted by these acoustic black holes.
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1 Introduction
In a seminal work, Unruh [1] showed that under certain conditions, the equa-
tion of motion describing the propagation of sound modes (phonons) on a
background hydrodynamic flow, which undergoes a subsonic-supersonic tran-
sition, can be written in the same form of the Klein-Gordon equation for a
massless scalar field minimally coupled to an effective Lorentzian geometry
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containing a sonic horizon. This means that this physical system may be con-
sidered analogous to astrophysical black holes and as a consequence should be
used, in principle, to understand the physics of black holes as well as to realize
experiments in laboratory to test some of their properties.
The existence of an event horizon in the hydrodynamic analogue suggests
that an interesting phenomenon can be produced which consists in the emis-
sion of a thermal flux of phonons, whose temperature is proportional to the
gradient of the velocity field at the acoustic horizon, termed analogue Hawk-
ing radiation, similar to the radiation emitted by astrophysical black holes,
the well know Hawking radiation [2,3,4,5,6]. Thus, using this analogy, it is
possible, in principle, to experimentally verify the analogue Hawking radiation
emitted by acoustic black holes, and assuming that the physics which leads
to Hawking radiation should be the same of its analogue, we can get some
informations about a phenomenon which originates from the combination of
quantum mechanics and general relativity, but now at a purely classical level.
It is difficult to observe the Hawking radiation emitted by astrophysical
black holes due to the fact that Hawking temperature is seven orders of mag-
nitude smaller than the temperature of the Cosmic Microwave Background
(CMB) radiation, for a Schwarzschild black hole with a mass equivalent to the
solar mass. Thus, the experimental verification of Hawking radiation emit-
ted by astrophysical black holes could be possible only if these objects have
mass much smaller than the solar mass. On the other hand, for acoustic black
holes in condensed matter, the analogue Hawking temperature can be of about
10−6K to 10−7K (for a review, see [7] and references therein), which is too low
to be measured in laboratory, but certainly these values will be measured
in a near future. The fact that Hawking radiation from astrophysical black
holes has an analogue in hydrodynamic systems has stimulated the realization
of several experiments [8,9] and suggested new experiments involving water
waves [10].
Hawking radiation is an effect of kinematical origin which appears in the
scope of general relativity connected with the existence of event horizons, and
therefore, has no relation with aspects of the dynamic of the Einstein equa-
tions. Thus, if we have an analogue system which exhibits an event horizon,
we expect the existence of an analogue of Hawking radiation as stated before.
This means that this radiation is a more general phenomenon which occurs
whenever an event horizon exists, and therefore, in different analogous gravita-
tional systems. The fact that the temperatures involved in analogue models are
very low suggests the realization of experiments involving ultra cold systems,
such as Bose-Einstein condensates [11,12,13,14], superfluid helium [15], super-
conductores [16,17], polariton superfluid [18] and degenerate Fermi gas [19].
Otherwise, due to the general character of the Hawking radiation and the real
possibility to detect its analogue, many other systems have been investigated
[20,21,22,23,24,25,26,27,28,29].
The astrophysical black holes and the corresponding analogue gravity mod-
els have many features in common, even possessing different dynamics. As for
example, the dynamics of the acoustic black holes are governed by equations
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of fluid mechanics, while the dynamics of the astrophysical black holes are ob-
tained from Einstein’s equations. The fact that these different kinds of black
holes possess some fundamental properties in common, associated with the
possibility to detect the acoustic black holes in laboratory, which can help us
to better understand the physics of a gravitational black hole, motivated a lot
of investigation in which concerns the physics of acoustic black holes [30,31,
32,33,34,35,36,37,38,39,40,41,42,43,44,45].
A particular solution [46] of the massless Klein-Gordon equation in the
rotating acoustic background was obtained using a tortoise coordinate, in two
distinct regions, namely, near the horizon and very far from it, with the pro-
posal to examine the phenomenon of superresonance. In order to investigate
the superresonant scattering of acoustic disturbances from a rotating acoustic
black hole it was found an approximate solution [47], in the low-frequency
limit, which is given in terms of hypergeometric functions. This solution, with
appropriate boundary conditions, was also used to compute the quasinormal
modes [48] associated with an acoustic rotating black hole.
In our paper we obtain the analytic solutions of the Klein-Gordon equation
for a massless scalar field for both rotating and canonical acoustic black holes,
valid in the whole space, which means between the acoustic event horizon and
infinity. Furthermore, these solutions are valid for all frequencies. In this sense,
we extend the range in which the solutions are valid as compared with the ones
obtained by Basak and Majumdar [47], for the rotating acoustic black hole and
additionaly the solution of the Klein-Gordon equation in the canonical acoustic
black hole background was obtained. They are given in terms of solutions of
the Heun equations [49]. Using the radial solution which is given in terms
of the confluent Heun functions and taking into account their properties, we
study the analogue Hawking radiation of massless scalar particles.
In order to study Hawking radiation, diferrent approaches have been used.
As examples, we can mention the following: (i) Hartle-Hawking [50] which
used analytic continuation; (ii) Christensen-Fulling which is based on the
trace anomaly or conformal anomaly [51]; (iii) Robinson-Wilczek which takes
into account the anomaly cancellation [52]; (iv) Tunneling method [53] which
uses the semiclassical WKB method, among others. Using these different ap-
proaches, Kim and Shin [54] considered the analogue Hawking radiation from
the rotating acoustic black hole using the viewpoint of anomaly cancellation
method. Ramo´n et al. [55] presented the analogue Hawking radiation deriva-
tion from the canonical acoustic black hole using the anomaly and tunneling
mechanism approaches. Zhang et al. [56] studied Hawking radiation from a
rotating acoustic black hole using the analytical continuation method [57].
In this paper, we use just the radial part of the analytic solution of the
Klein-Gordon equation, from which we construct the solutions near the acous-
tic horizons appropriate to examine Hawking radiation.
This paper is organized as follows. In the section 2, we introduce the metric
that corresponds to a rotating acoustic black hole, and some relevant elements
to study the Hawking radiation. We also present the analytic solution of the
Klein-Gordon equation in this background, taking into account only the radial
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part. This solution is used to construct the ingoing and outgoing waves, near
the acoustic horizon. We extend the waves solutions from outside to inside
of the rotating acoustic black hole, and we derive a black body radiation
spectrum. In the section 3, we do similar calculations in the background of
the canonical acoustic black hole, and we derive the corresponding black body
radiation spectrum. Finally, in section 4, we present our conclusions.
2 Rotating acoustic black hole
The solution which describes a (2+1)-dimensional rotating acoustic black hole
was obtained by Visser [58] and corresponds to an analogue model associated
with a smoothly rotating draining fluid flow with a sink at the origin. Note
that this fluid flow is constant in time and cylindrically symmetric, and there-
fore, represents a vortex line aligned along z-axis, without vorticity and being
barotropic and inviscid. The acoustic metric appropriate to represent the ef-
fective Lorentzian geometry of this draining bathtube idealized model is given
by [58]
ds2 = −c2 dt2 +
(
dr − A
r
dt
)2
+
(
r dφ− B
r
dt
)2
, (1)
where c is the speed of sound which is constant throughout the fluid flow. The
properties of this metric become evident by changing the coordinates, defined
by
dt→ dt+ |A|r
c2r2 −A2 dr , (2)
dφ→ dφ + B|A|r
r (c2r2 −A2)dr . (3)
Using these new coordinates and rescaling time coordinate by c, the line el-
ement that describes a rotating acoustic black hole can be written in the
following form
ds2 = − 1
r2
(
∆− B
2
c2
)
dt2 +
r2
∆
dr2 + r2 dφ2 − 2B
c
dφ dt , (4)
where
∆ = r2 − A
2
c2
. (5)
Taking g00 in Eq. (4) equal to zero, we obtain the radius of the ergosphere,
which is given by
re =
√
A2 +B2
c
. (6)
It is worth calling attention to the fact that the sign of A is irrelevant in
defining the ergosphere and ergo-region, since does not matter if the vortex
core is a source or a sink. The metric has a (coordinate) singularity, that is, the
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acoustic event horizon forms once the radial component of the fluid velocity
exceeds the speed of sound, which occurs at
rh =
|A|
c
. (7)
Here, the sign of A must be taken into account. For A < 0 we are dealing with
a future acoustic horizon, that is, an acoustic black hole; while for A > 0 we
are dealing with a past event horizon, that is, an acoustic white hole.
Hence, from Eq. (5), we have that the acoustic horizon surface of the ro-
tating acoustic black hole is obtained from the condition
∆ = (r − r+)(r − r−) = 0 , (8)
whose solutions are
r+ = rh , (9)
r− = −rh , (10)
where rh is given by Eq. (7), and r± correspond to the acoustic events or
Cauchy horizons of the rotating acoustic black hole.
The gravitational acceleration, κh, on the acoustic black hole horizon sur-
face, r+ = rh, is given by
κh ≡ 1
2
1
r2h
d∆
dr
∣∣∣∣
r=rh
=
1
rh
=
c
|A| . (11)
Then, an acoustic event horizon will emit an analogue Hawking radiation cor-
responding to a thermal bath of phonons at a temperature
Th =
κh
2π
. (12)
2.1 Analytic solutions of the massless Klein-Gordon equation
In what follows we will consider the covariant Klein-Gordon equation, that
describes the behavior of scalar fields in a curved spacetime, which has the
form [
1√−g∂ρ(g
ρσ√−g∂σ)
]
Ψ = 0 . (13)
Thus, the covariant Klein-Gordon equation in the spacetime of a rotating
acoustic black hole given by the line element (4), can be written as[
−r
3
∆
∂2
∂t2
+
∂
∂r
(
∆
r
∂
∂r
)
+
(
1
r
− B
2
c2r∆
)
∂2
∂φ2
− 2Br
c∆
∂2
∂φ ∂t
]
Ψ(r, t) = 0 . (14)
According to the assumption that the spacetime under consideration is sta-
tionary [1] due to the fact that the fluid flow is assumed to be constant, the
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time dependence that solves Eq. (14) may be separated as e−iωt, where ω is
the energy of the particles in the units chosen and we are considering that
ω > 0. Moreover, its axisymmetry permits us to separate the solution in φ
as eimφ, where m is a real constant that is not restricted to assume only a
discrete set of values, because we are working with only two space dimensions.
Thus, we can make the following ansatz
Ψ(r, t) = R(r)eimφe−iωt . (15)
Substituting Eq. (15) into (14), we find that
d
dr
(
∆
r
dR
dr
)
+
(
ω2r3
∆
− m
2
r
+
m2B2
c2r∆
− 2mBωr
c∆
)
R = 0 . (16)
Now, let us obtain the analytic and general solution for the radial part
of Klein-Gordon equation given by Eq. (16). To do this, we will not take
asymptotic limits, nor assume any condition on the frequency. On the contrary,
we will consider the whole space, as well as the whole range of frequencies (or
energies in the natural units), that is, 0 < ω ≤ ∞. From our solution, we can
get the low frequency regime solution obtained by Lepe and Saavedra [48] as
a particular case.
Equation (16) has an undesirable singularity at the origin, which hinders
considerably its transformation to a Heun-type equation. However, introducing
a new radial coordinate, x, such that
x =
r2
2
, (17)
and using this new coordinate, Eq. (5) turns into
∆ = 2x− A
2
c2
. (18)
Thus, from Eq. (18), we have that the new horizon surface of the rotating
acoustic black hole is obtained from the condition
∆ = 2(x− xh) = 0 , (19)
where
xh =
1
2
r2h (20)
is the root of ∆ and corresponds to the new acoustic event horizon of the
rotating acoustic black hole. Hence, using Eq. (19), we can write down Eq. (16)
as
d2R
dx2
+
(
1
x− xh
)
dR
dx
+
[
m2(B2 + 2c2xh)
8c2x2h
1
x
+
−B2m2 − 2c2m2xh + 4c2x2hω2
8c2x2h
1
x− xh
+
B2m2 − 4Bcmxhω + 4c2x2hω2
8c2xh
1
(x − xh)2
]
R = 0 . (21)
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This equation has singularities at x = (x1, x2) = (xh, 0). The transforma-
tion of Eq. (21) to a Heun-type equation is achieved by setting the following
homographic substitution
z =
x− a1
a2 − a1 =
x− xh
0− xh . (22)
Thus, we can writte Eq. (21) as
d2R
dz2
+
1
z
dR
dz
+
{
B2m2 + 2c2m2xh − 4c2x2hω2
8c2xh
1
z
+
−m2(B2 + 2c2xh)
8c2xh
1
z − 1
−
[
i
(
2cxhω −mB
2c
√
2xh
)]2
1
z2
}
R = 0 . (23)
In what follows, let us perform an appropriate transformation in order to re-
duce the power of the term proportional to 1/z2 and put the coefficients that
appear in the equation for the new function in an appropriate and conve-
nient form [59]. This transformation is the F-homotopic transformation of the
dependent variable R(z) 7→ U(z), such that
R(z) = zA1U(z) , (24)
where the coefficient A1 is given by
A1 = i
(
2cxhω −mB
2c
√
2xh
)
. (25)
In this case, the function U(z) satisfies the following equation
d2U
dz2
+
(
2A1 + 1
z
)
dU
dz
+
[
B2m2 + 2c2m2xh − 4c2x2hω2
8c2xh
1
z
− m
2(B2 + 2c2xh)
8c2xh
1
z − 1
]
U = 0 ,(26)
which is similar to the confluent Heun equation [60]
d2U
dz2
+
(
α+
β + 1
z
+
γ + 1
z − 1
)
dU
dz
+
(
µ
z
+
ν
z − 1
)
U = 0 , (27)
where U(z) = HeunC(α, β, γ, δ, η; z) are the confluent Heun functions, with
the parameters α, β, γ, δ and η, related to µ and ν by
µ =
1
2
(α− β − γ + αβ − βγ)− η , (28)
ν =
1
2
(α+ β + γ + αγ + βγ) + δ + η , (29)
according to the standard package of the MapleTM17.
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Thus, the general solution of the radial part of the Klein-Gordon equation
for a massless scalar field in the spacetime of a rotating acoustic black hole,
in the region exterior to the acoustic event horizon, given by Eq. (23), over
the entire range 0 ≤ z <∞, can be written, following the details presented in
refs. [59,60], as
R(z) = z
β
2
× {C1 HeunC(α, β, γ, δ, η; z) + C2 z−β HeunC(α,−β, γ, δ, η; z)} ,
(30)
where C1 and C2 are constants, and the parameters α, β, γ, δ, and η are now
given by:
α = 0 ; (31)
β = i
(
2cxhω −mB
c
√
2xh
)
; (32)
γ = −1 ; (33)
δ = −xhω
2
2
; (34)
η =
1
8
[
m2
(
− B
2
c2xh
− 2
)
+ 4xhω
2 + 4
]
. (35)
These two functions form linearly independent solutions of the confluent Heun
differential equation due to the fact that β is not necessarily an integer.
In what follows we will consider the expansion of the solutions in Eq. (30),
which is regular at z = 0 and appropriate to study the problem concerning the
analogue Hawking radiation. The expansion in power series of the confluent
Heun functions with respect to the independent variable z, in a neighborhood
of the regular singular point z = 0 [59], can writte as
HeunC(α, β, γ, δ, η; z) = 1 +
1
2
(−αβ + βγ + 2η − α+ β + γ)
(β + 1)
z
+
1
8
1
(β + 1)(β + 2)
(α2β2 − 2αβ2γ + β2γ2
− 4ηαβ + 4ηβγ + 4α2β − 2αβ2 − 6αβγ
+ 4β2γ + 4βγ2 + 4η2 − 8ηα+ 8ηβ + 8ηγ
+ 3α2 − 4αβ − 4αγ + 3β2 + 4βδ
+ 10βγ + 3γ2 + 8η + 4β + 4δ + 4γ)z2 + ... . (36)
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2.2 Analogue Hawking radiation
We will consider the massless scalar field near the acoustic horizon in order to
discuss the analogue Hawking radiation. From Eqs. (17), (20), (22) and (36),
we can see that the radial solution given by Eq. (30), near the acoustic event
horizon, that is, when r→ rh ⇒ x→ xh ⇒ z → 0, behaves asymptotically as:
R(z) ∼ z β2 {C1 · 1 + C2 · z−β · 1} = C1z
β
2 + C2z
−
β
2 , (37)
or
R(r) ∼ C1
−r
β
2
h
(r − rh)
β
2 +
C2
−r−
β
2
h
(r − rh)
−β
2 . (38)
Therefore, we can write
R(r) ∼ C1(r − rh)
β
2 + C2(r − rh)−
β
2 , (39)
where we are considering contributions only of the first term in the expansion,
and all constants are included in C1 and C2. Thus, taking into account the
solution of the time dependence, near the rotating acoustic black hole event
horizon rh, we can write
Ψ = e−iωt(r − rh)±
β
2 . (40)
From Eq. (32), for the parameter β, we obtain
β = irh
(
ω −m B
cr2h
)
. (41)
Then, substituting Eqs. (7) and (11) into (41), we get
β =
i
κh
(ω − ωh) , (42)
where
ωh = mΩh , (43)
with
Ωh =
Bc
A2
(44)
being the dragging angular velocity of the acoustic event horizon.
Therefore, on the rotating acoustic black hole horizon surface, the ingoing
and outgoing wave solutions are
Ψin = e
−iωt(r − rh)−
i
2κh
(ω−ωh) , (45)
Ψout(r > rh) = e
−iωt(r − rh)
i
2κh
(ω−ωh) . (46)
These solutions for the scalar fields near the acoustic horizon will be useful
to investigate the Hawking radiation of massless scalar particles. It is worth
calling attention to the fact that we are using the analytic solution of the
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radial part of Klein-Gordon equation in the spacetime under consideration,
differently from the calculations usually done in the literature [46,48].
Using the definitions of the tortoise and Eddington-Finkelstein coordinates,
given by [54]
dr∗ =
r2
∆
dr , (47)
we have
ln(r − rh) = 1
r2h
d∆
dr
∣∣∣∣
r=rh
r∗ = 2κhr∗ , (48)
rˆ =
ω − ωh
ω
r∗ , (49)
v = t+ rˆ , (50)
and thus the following ingoing wave solution can be obtained
Ψin = e
−iωveiωrˆ(r − rh)−
i
2κh
(ω−ωh)
= e−iωvei(ω−ωh)r∗(r − rh)−
i
2κh
(ω−ωh)
= e−iωv(r − rh)
i
2κh
(ω−ωh)(r − rh)−
i
2κh
(ω−ωh)
= e−iωv . (51)
The outgoing wave solution is given by
Ψout(r > rh) = e
−iωveiωrˆ(r − rh)
i
2κh
(ω−ωh)
= e−iωvei(ω−ωh)r∗(r − rh)
i
2κh
(ω−ωh)
= e−iωv(r − rh)
i
2κh
(ω−ωh)(r − rh)
i
2κh
(ω−ωh)
= e−iωv(r − rh)
i
κh
(ω−ωh) . (52)
Note that, if we put Q = 0 into Eqs. (96) and (97) of Ref. [61], the resulting
solutions are analyticly analogous to solutions above given by Eqs. (51) and
(52).
2.3 Analytic extension and radiation spectrum
Now, let us obtain by analytic continuation a real damped part of the outgoing
wave solution of the massless scalar field which will be used to construct an
explicit expression for the decay rate Γh. This real damped part corresponds
(at least partially) to the temporal contribution to the decay rate [56] found
by the tunneling method used to investigate the analogue Hawking radiation.
From Eq. (52), we see that this solution is not analytical in the acoustic
event horizon r = rh. By analytic continuation, rotating by an angle −π
through the lower-half complex r plane, we obtain
(r − rh)→ |r − rh| e−iπ = (rh − r)e−iπ . (53)
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Thus, the outgoing wave solution on the acoustic horizon surface rh is
Ψout(r < rh) = e
−iωv(rh − r)
i
κh
(ω−ωh)e
π
κh
(ω−ωh) . (54)
Equations (52) and (54) describe the outging wave outside and inside of the
rotating acoustic black hole event horizon, respectively. Therefore, for an out-
going wave of a particle with energy ω > 0, the outgoing decay rate or the
relative scattering probability of the scalar wave at the acoustic event horizon
surface, r = rh, is given by
Γh =
∣∣∣∣Ψout(r > rh)Ψout(r < rh)
∣∣∣∣
2
= e
−
2π
κh
(ω−ωh) . (55)
This result was already formally obtained in the literature [56], in different
context, and is analogous to the one obtained in [61], for an astrophysical
black hole.
According to the Damour-Ruffini-Sannan method [62,63] for astrophysi-
cal black holes, a correct wave describing a particle flying off of the rotating
acoustic black hole is given by
Ψω(r) = Nω [ H(r − rh) Ψoutω (r − rh)
+ H(rh − r) Ψoutω (rh − r) e
π
κh
(ω−ωh) ] , (56)
where Nω is the normalization constant, such that
〈Ψω1(r)|Ψω2 (r)〉 = −δ(ω1 − ω2) , (57)
with H(x) being the Heaviside function and Ψoutω (x) the normalized wave
functions given, from Eq. (52), by
Ψoutω (x) = e
−iωvx
i
κh
(ω−ωh) . (58)
Thus, from the normalization condition
〈Ψω(r)|Ψω(r)〉 = 1 = |Nω|2
[
e
2π
κh
(ω−ωh) − 1
]
, (59)
we get the resulting analogue Hawking radiation spectrum of scalar particles,
which is given by
|Nω|2 = 1
e
2π
κh
(ω−ωh) − 1
=
1
e
~(ω−ωh)
kBTh − 1
, (60)
where the Boltzmann’s and Planck’s constants were reintroduced.
Therefore, we can see that the resulting analogue Hawking radiation spec-
trum of massless scalar particles has a thermal character, analogous to the
black body spectrum, where kBTh = ~κh/2π.
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3 Canonical acoustic black hole
A solution for a spherically symmetric flow of incompressible fluid, called
canonical acoustic black hole, was found by Visser in [58]. The acoustic metric
which appropriatelly describes this situation is given by
ds2 = −c2 dt2 +
(
dr ± cr
2
0
r2
dt
)2
+ r2(dθ2 + sin2 θ dφ2) , (61)
where c is the speed of sound and is constant throughout the fluid flow, and
is defined in terms of the velocity v as
v = c
r20
r2
. (62)
Using the Schwarzschild time coordinate τ instead of the laboratory time t,
and doing the coordinate transformation [58]
dτ = dt± r
2
0/r
2
c[1− (r40/r4)]
dr , (63)
the line element that describes a canonical acoustic black hole can be rewritten
as
ds2 = − c
2
r4
∆ dτ2 +
r4
∆
dr2 + r2(dθ2 + sin2 θ dφ2) , (64)
where
∆ = r4 − r40 . (65)
Obviously, the form of this metric is different from that of the standard ge-
ometries typically considered in general relativity.
From Eq. (64) we conclude that the radius of the acoustic event horizon is
given by
rh = r0 , (66)
where r0 is obtained from Eq. (62), and corresponds to the event horizon of
the canonical acoustic black hole.
The gravitational acceleration, κ0, on the acoustic black hole horizon sur-
face, r0, is given by [64]
κ0 ≡
∣∣∣∣∣ ∂v
r
∂r
∣∣∣∣
r=r0
∣∣∣∣∣ = 2cr0 . (67)
Then, an acoustic event horizon will emit analogue Hawking radiation in the
form of a thermal bath of phonons at a temperature
T0 =
κ0
2πc
=
1
πr0
. (68)
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3.1 Analytic solutions of the massless Klein-Gordon equation
The covariant Klein-Gordon equation in the spacetime of a canonical acoustic
black hole given by the line element (64), can be written as[
− r
6
c2∆
∂2
∂τ2
+
∂
∂r
(
∆
r2
∂
∂r
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
]
Ψ(r, τ) = 0 . (69)
The spacetime under consideration is static, so the time dependence that solves
Eq. (69) may be separated as e−iωτ , where ω is the energy of the particles in
the units chosen. Moreover, rotational invariance with respect to φ implies
that the solution in φ is eimφ, where m = ±1,±2,±3, ..., is the azimuthal
quantum number. Thus, the general angular solution is given in terms of the
spherical harmonic function Y lm(θ, φ) = P
l
m(cos θ)e
imφ, where l is an integer
such that |m| ≤ l [65]. Therefore, Ψ(r, τ) can be written as
Ψ(r, τ) = R(r)Y lm(θ, φ)e
−iωτ . (70)
Substituting Eq. (70) into (69), we find that
d
dr
(
∆
r2
dR
dr
)
+
(
ω2r6
c2∆
− λlm
)
R = 0 , (71)
where λlm = l(l+ 1).
Now, let us obtain the analytic and general solution for the radial part of
Klein-Gordon equation given by Eq. (71). This equation has four singularities,
which hinders considerably its transformation to a Heun-type equation. Then,
we define a new radial coordinate, x, such that
x =
r2
2
. (72)
Using this new coordinate, Eq. (65) can be rewritten as
∆ = 4(x2 − x0) , (73)
where
x0 =
1
4
r40 . (74)
Thus, from Eq. (73), we have that the new acoustic horizon surface equation
of the canonical acoustic black hole is obtained from the condition
∆ = 4(x− x+)(x− x−) = 0 , (75)
whose solutions are
x+ = x0 , (76)
x− = −x0 , (77)
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and correspond to event horizons of the canonical acoustic black hole. Hence,
using Eq. (75), we can write down Eq. (71) as
d2R
dx2
+
(
1
x− x+ +
1
x− x−
)
dR
dx
+
1
(x− x+)(x− x−)
[
ω2
2c2
x− c
2λlm − 2x+ω2 − 2x−ω2
4c2
+
x3+ω
2
2c2(x+ − x−)
1
x− x+ −
x3−ω
2
2c2(x+ − x−)
1
x− x−
]
R = 0 . (78)
This equation has singularities at x = (a1, a2) = (x+, x−), and at x = ∞.
The transformation of Eq. (78) to a Heun-type equation is achieved by setting
the following homographic substitution
z =
x− a1
a2 − a1 =
x− x+
x− − x+ . (79)
Thus, we can writte Eq. (78) as
d2R
dz2
+
(
1
z
+
1
z − 1
)
dR
dz
+
{
c2λlmx
2
+ − 2c2λlmx+x− + c2λlmx2− − 2x3+ω2 + 6x2+x−ω2
4c2(x+ − x−)2
1
z
+
−c2λlmx2+ + 2c2λlmx+x− − c2λlmx2− − 6x+x2−ω2 + 2x3−ω2
4c2(x+ − x−)2
1
z − 1
−
[
i
x
3/2
+ ω√
2c(x+ − x−)
]2
1
z2
+
[
i
x
3/2
− ω√
2c(x+ − x−)
]2
1
(z − 1)2
}
R = 0 . (80)
Now, let us perform a transformation in order to reduce the power of the terms
proportional to 1/z2 and 1/(z − 1)2 and write the coefficients that appear in
the equation for the new function in a useful form [59]. This transformation is
the F-homotopic transformation of the dependent variable R(z) 7→ U(z), such
that
R(z) = zA1(z − 1)A2U(z) , (81)
where the coefficients A1 and A2 are given by
A1 = i
x
3/2
+ ω√
2c(x+ − x−)
, (82)
A2 = i
x
3/2
− ω√
2c(x+ − x−)
. (83)
In this case, the function U(z) satisfies the following equation
d2U
dz2
+
(
2A1 + 1
z
+
2A2 + 1
z − 1
)
dU
dz
+
[−A1 −A2 − 2A1A2 +A3
z
+
A1 +A2 + 2A1A2 +A4
z − 1
]
U = 0 , (84)
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where the coefficients A3 and A4 are given by
A3 =
c2λlmx
2
+ − 2c2λlmx+x− + c2λlmx2− − 2x3+ω2 + 6x2+x−ω2
4c2(x+ − x−)2 , (85)
A4 =
−c2λlmx2+ + 2c2λlmx+x− − c2λlmx2− − 6x+x2−ω2 + 2x3−ω2
4c2(x+ − x−)2 . (86)
Note that Eq. (84) is similar to the confluent Heun equation (27). Thus, the
general solution of the radial part of the Klein-Gordon equation for a massless
scalar particle in the spacetime under consideration, in the exterior region of
the acoustic event horizon, given by Eq. (80) over the entire range 0 ≤ z <∞,
can be written as [59,60]
R(z) = z
1
2β(z − 1) 12 γ
× {C1 HeunC(α, β, γ, δ, η; z) + C2 z−β HeunC(α,−β, γ, δ, η; z)} ,
(87)
where C1 and C2 are constants, and the parameters α, β, γ, δ, and η are now
given by:
α = 0 ; (88)
β = i
√
2
x
3/2
+ ω
c(x+ − x−) ; (89)
γ = i
√
2
x
3/2
− ω
c(x+ − x−) ; (90)
δ = −ω
2(x+ − x−)
2c2
; (91)
η =
2x2+ω
2(x+ − 3x−)− c2λ(x+ − x−)2
4c2(x+ − x−)2 . (92)
These two functions form linearly independent solutions of the confluent Heun
differential equation provided β is not integer, which is a condition satisfied
by this parameter because there is no physical reason to impose that β should
be an integer.
3.2 Analogue Hawking radiation
Now, let us consider the massless scalar field near the horizon in order to
discuss the analogue Hawking radiation. To do this, from Eqs. (79) and (36),
and following the same procedure of subsection (2.2), we can see that the
radial solution given by Eq. (87), near the acoustic event horizon, that is,
when r → r0 ⇒ x→ x+ ⇒ z → 0, behaves asymptotically as
R(r) ∼ C1 (r − r0)β/2 + C2 (r − r0)−β/2 , (93)
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where we are considering contributions arising only from the first term in
the expansion, and all constants are included in C1 and C2. Thus, taking into
account the time dependence of the solution, near the canonical acoustic black
hole event horizon r0, we have
Ψ = e−iωτ (r − r0)±β/2 . (94)
From Eq. (89), for the parameter β, we obtain
β = i
r0
2c
ω . (95)
Then, substituting Eqs. (66) and (67) into (95), we get
β =
i
κ0
ω . (96)
Therefore, on the canonical acoustic black hole horizon surface, the ingoing
and outgoing wave solutions are
Ψin = e
−iωτ (r − r0)−
i
2κ0
ω
, (97)
Ψout(r > r0) = e
−iωτ (r − r0)
i
2κ0
ω . (98)
These solutions for the scalar fields near the acoustic horizon obtained from
the analytical solution of the radial part of the Klein-Gordon equation in
the background under consideration will be useful to investigate the analogue
Hawking radiation.
Using the definitions of the tortoise and Eddington-Finkelstein coordinates,
given by
dr∗ =
r4
c
1
∆
dr , (99)
we have
ln(r − r0) = c
r40
d∆
dr
∣∣∣∣
r=r0
r∗ = 2κ0r∗ , (100)
rˆ =
ω − ω0
ω
r∗ , (101)
v = τ + rˆ , (102)
and thus the following ingoing wave solution can be obtained
Ψin = e
−iωveiωrˆ(r − r0)−
i
2κ0
ω
= e−iωveiωr∗(r − r0)−
i
2κ0
ω
= e−iωv(r − r0)
i
2κ0
ω
(r − r0)−
i
2κ0
ω
= e−iωv . (103)
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Otherwise, the outgoing wave solution is given by
Ψout(r > r0) = e
−iωveiωrˆ(r − r0)
i
2κ0
ω
= e−iωveiωr∗(r − r0)
i
2κ0
ω
= e−iωv(r − r0)
i
2κ0
ω(r − r0)
i
2κ0
ω
= e−iωv(r − r0)
i
κ0
ω
. (104)
Note that, if we put a = Q = 0 into Eqs. (96) and (97) of Ref. [61], the
resulting solutions are analyticly analogous to solutions given by Eqs. (103)
and (104).
3.3 Analytic extension and radiation spectrum
Now, we obtain by analytic continuation a real damped part of the outgoing
wave solution of the massless scalar field which will be used to construct an
explicit expression for the decay rate Γ0. This real damped part corresponds
(at least in part) to the temporal contribution to the decay rate [55] found by
the tunneling method used to investigate the analogue Hawking radiation.
From Eq. (104), we see that this solution is not analytical in the acoustic
event horizon, r = r0. By analytic continuation, rotation by an angle −π
through the lower-half complex r plane, give us
(r − r0)→ |r − r0| e−iπ = (r0 − r)e−iπ . (105)
Thus, the outgoing wave solution on the acoustic horizon surface r0 is
Ψout(r < r0) = e
−iωv(r0 − r)
i
κ0
ωe
π
κ0
ω . (106)
Equations (104) and (106) describe the outging wave outside and inside of the
canonical acoustic black hole, respectively. Therefore, for an outgoing wave of
a particle with energy ω > 0, the outgoing decay rate or the relative scattering
probability of the scalar wave at the acoustic event horizon surface, r = r0, is
given by
Γ0 =
∣∣∣∣Ψout(r > r0)Ψout(r < r0)
∣∣∣∣
2
= e−
2π
κ0
ω , (107)
which is a result already formally obtained in the literature [55] in different
context, and is analogous to the obtained in [61] for an astrophysical black
hole.
According to the Damour-Ruffini-Sannan method [62,63] for astrophysical
black holes, a correct wave describing a particle flying off of the canonical
acoustic black hole is given by
Ψω(r) = Nω [ H(r − r0) Ψoutω (r − r0)
+ H(r0 − r) Ψoutω (r0 − r) e
π
κ0
ω ] , (108)
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where Ψoutω (x) are the normalized wave functions given, from Eq. (104), by
Ψoutω (x) = e
−iωvx
i
κ0
ω . (109)
Thus, from the normalization condition
〈Ψω(r)|Ψω(r)〉 = 1 = |Nω|2
[
e
2π
κ0
ω − 1
]
, (110)
we get the resulting analogue Hawking radiation spectrum of scalar particles,
which is given by
|Nω|2 = 1
e
2π
κ0
ω − 1
=
1
e
~ω
kBT0 − 1
. (111)
4 Conclusions
In this paper, we presented analytic solutions for radial part of the Klein-
Gordon equation for a massless scalar field in the both rotating and canoni-
cal acoustic black holes. These general solutions are analytic solutions for all
spacetime, which means, in the region between the acoustic event horizon and
infinity. The radial solution is given in terms of the confluent Heun functions,
and is valid over the range 0 ≤ z <∞.
The obtained results for the rotating acoustic black hole have the advan-
tage, as compared with the one obtained in literature [47], that the solutions
are valid from the exterior event horizon to infinity, instead of to be valid
only close to the exterior event horizon or at infinity. Otherwise, our results
are valid for any frequency, and not for a restricted range of frequency, as
presented in the literature [48].
From these analytic solutions, we obtained the solutions for ingoing and
outgoing waves near the acoustic horizon of a both rotating and canonical
acoustic black holes, and used these results to discuss the Hawking radiation
effect, in which we considered the properties of the confluent Heun functions
to obtain the results. This approach has the advantage that it is not necessary
the introduction of any coordinate system, as for example, the tortoise or
Eddington-Finkelstein coordinates [54,55,56].
Generalizing the classical Damour-Ruffini method, we discussed the ana-
logue Hawking radiation of both acoustic black holes. The expressions for the
particle outgoing rates, given by Eqs. (55) and (107), describe the phenomena
related to the radiation process for the rotating and canonical acoustic black
holes, respectively.
As a final comment, we can say that we derived not only the Hawking
temperature, but also, the Hawking black body spectrum for both acoustic
black holes. This means that the rotating and canonical acoustic black holes
behave not merely as thermal bodies but as black bodies.
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5 Correction to: Acoustic black holes: massless scalar field analytic
solutions and analogue Hawking radiation
In Sect. 2, there is a mistake when we transformed Eq. (16) into Eq. (21), by
using the new coordinate given by Eq. (17) and its consequences expressed in
Eqs. (18)-(20). Correcting this mistake, the equation corresponding to Eq. (21)
should read
d2R
dx2
+
(
1
x− xh −
1
2x
)
dR
dx
+
[
m2(B2 + c2xh)
4c2x2h
1
x
+
−B2m2 − c2m2xh + c2x2hω2
4c2x2h
1
x− xh
+
(cxhω −Bm)2
4c2xh
1
(x− xh)2
]
R = 0,
where we used another relation for the new radial coordinate instead of Eq. (17),
given by
x = r2
in such a way to obtain an equation which is identified with a confluent Heun
equation. Now, using this new coordinate, Eq. (18) is written as
∆ = x− A
2
c2
.
Thus, the new horizon surface equation of the rotating acoustic black hole
given by Eq. (19) should read
∆ = x− xh = 0,
and Eq. (20) turns into
xh = r
2
h =
A2
c2
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which corresponds to the new event horizon of the rotating acoustic black hole.
In what follows, let us do homographic substitution given by Eq. (22). Thus,
Eq. (23) should read
d2R
dz2
+
(
1
z
+
−1/2
z − 1
)
dR
dz
+
{
B2m2 + c2m2xh − c2x2hω2
4c2xh
1
z
+
−m2(B2 + c2xh)
4c2xh
1
z − 1
−
[
i
(
cxhω −Bm
2c
√
xh
)]2
1
z2
}
R = 0.
The F-homotopic transformation of the dependent variable, R(z) 7→ U(z), is
such that
R(z) = zA1U(z),
where the coefficient A1 given by Eq. (25) is now expressed as
A1 = i
(
cxhω −Bm
2c
√
xh
)
.
In this case, Eq. (26) should be changed to
d2U
dz2
+
(
2A1 + 1
z
+
−1/2
z − 1
)
dR
dz
+
[
B2m2 − iBcm√hh + c2m2xh + ic2x3/2h ω − c2x2hω2
4c2xh
1
z
−B
2m2 − iBcm√hh + c2xh(m2 + i√xhω)
4c2xh
1
z − 1
]
R = 0.
This functional form of the general solution of the radial part of the Klein-
Gordon equation for a massless scalar field in the spacetime of a rotating
acoustic black hole, in the exterior region of the acoustic event horizon, is
similar to Eq. (30), and therefore, its solution can be written in terms of the
confluent Heun function as
R(z) = z
β
2 {C1 HeunC(α, β, γ, δ, η; z)
+C2 z
−β HeunC(α,−β, γ, δ, η; z)},
where C1 and C2 are constants, and the parameters α, β, γ, δ, and η, which
given originally by Eqs. (31)-(35), are now given by the following expressions
α = 0;
β =
i(cxhω −Bm)
c
√
xh
;
γ = −3
2
;
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δ = −xhω
2
4
;
η =
1
4
[
3−m2
(
1 +
B2
c2xh
)
+ xhω
2
]
.
As a conclusion, the solution of the radial part of the Klein-Gordon equation is
formally the same as Eq. (30). In fact α assumes the same value and δ is given,
formally, by the same expression as shown in Eq. (34). As a consequence of
the fact that the solution is the same, the analogue Hawking radiation, given
by Eqs. (37)-(60) are all correct and therefore, should be preserved.
In Sect. 3, a similar mistake was done when we transformed Eq. (71) into
Eq. (78), using the coordinate transformation given by Eq. (72). Now, let
us correct this mistake. In order to do this, let write the line element which
describes a canonical acoustic black hole in a more appropriate form given by
ds2 = −c2∆ dτ2 +∆−1 dr2 + r2(dθ2 + sin2 θ dφ2),
where in this case Eq. (65) should read
∆ = 1− r
4
0
r4
.
The covariant Klein-Gordon equation in the spacetime of a canonical acoustic
black hole, given by Eq. (69), is now written as[
− r
2
c2∆
∂2
∂τ2
+
∂
∂r
(
r2∆
∂
∂r
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
]
Ψ = 0.
Thus, substituting Eq. (70) into Eq. (69), we find that Eq. (71) should be
written as
d
dr
(
r2∆
dR
dr
)
+
(
ω2r2
c2∆
− λlm
)
R = 0.
In order to obtain an equation which should be identified with one of the
types of the Heun equation let us introduced a new coordinate transformation
corresponding to Eq. (72), given as follows
x = r2.
Thus, using this new coordinate, Eq. (73) turns into
∆ = 1− r
4
0
x2
.
Therefore, Eq. (75) is simply written as
∆ = (x− x+)(x− x−) = 0,
whose solutions are the same given by Eqs. (76)-(77), namely,
x+ = +x0 = +r
2
0 ,
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x− = −x0 = −r20,
and correspond to the new acoustic event horizons of the canonical acoustic
black hole. Thus, Eq. (78) should read
d2R
dx2
+
(
1
x− x+ +
1
x− x− +
3/2
x
)
dR
dx
+
[
A1
x− x+ +
A2
x− x− +
A3
x
+
B21
(x − x+)2 +
B22
(x− x−)2 +
B23
x3
]
R = 0.
From this point on, it is worth calling attention to the fact that the functional
form of the radial part of the Klein-Gordon equation, for a massless scalar
field in the spacetime of a canonical acoustic black hole, has changed. Then,
we need to define some new coefficients, A1, A2, A3, B1, B2, and B3 which
are given by
A1 =
−c2λ(x2+ + x2−) + 2c2λx+x− + (x− − 3x+)ω2
4c2x2+(x+ − x−)3
,
A2 =
c2λ(x2+ + x
2
−)− 2c2λx+x− − (x+ − 3x−)ω2
4c2x2−(x+ − x−)3
,
A3 =
−c2λ(x+ + x−) + ω2
4c2x2+x
2
−
,
B1 =
ω
2c
√
x+(x+ − x−) ,
B2 =
ω
2c
√
x−(x+ − x−) ,
B3 =
i
2
√
λ
x+x−
.
Now, by setting the homographic substitution given by Eq. (79), Eq. (80) is
now written as
d2R
dz2
+
(
1
z
+
1
z − 1 +
3/2
z − a
)
dR
dz
+
[−A1x+/a
z
+
−A2x+/a
z − 1 +
−A3x+/a
z − a
+
B21
z2
+
B22
(z − 1)2 +
B23
(z − a)2
]
R = 0,
where the singular point a is given by
a =
0− a1
a2 − a1 =
−x+
x− − x+ .
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Thus, the F-homotopic transformation of the dependent variable, R(z) 7→
U(z), given by Eq. (81), should read, in this case, as
R(z) = z−
1
2 (z − 1)− 12 (z − a)− 34U(z).
Therefore, Eq. (84) is rewritten as
d2U
dz2
+
{
(1 + 4B21)/4
z2
+
(1 + 4B22)/4
(z − 1)2 +
(3 + 16B23)/16
(z − a)2
+
(A1 + A3)x+ + a[−2 + (A1 +A2)x+]
a
1
(z − 1)(z − a)
+
3 + 2a− 4A1x+
4
1
z(z − 1)(z − a)
}
R = 0.
Now, let us consider the general Heun equation, whose canonical form is [59]
d2y
dz2
+
(
γ
z
+
δ
z − 1 +
ǫ
z − a
)
dy
dz
+
αβz − q
z(z − 1)(z − a)y = 0,
where y(z) = HeunG(a, q;α, β, γ, δ; z) is the general Heun function. This is
a Fuchsian type equation with regular singularities at z = (0, 1, a,∞). The
parameters α, β, γ, δ, ǫ, q, a are generally complex, arbitrary (except that
a 6= 0, 1), and related by
γ + δ + ǫ = α+ β + 1.
Its normal form is given by
d2U
dz2
+
{
(2γ − γ2)/4
z2
+
(2δ − δ2)/4
(z − 1)2 +
(2ǫ− ǫ2)/4
(z − a)2
+
2αβ − δǫ− γ(δ + ǫ)
2
1
(z − 1)(z − a)
+
γ(aδ + ǫ)− 2q
2
1
z(z − 1)(z − a)
}
R = 0,
where
y(z) = z−
γ
2 (z − 1)− δ2 (z − a)− ǫ2U(z).
Thus, the general solution of the radial part of the Klein-Gordon equation for
a massless scalar particle in the spacetime of a canonical acoustic black hole,
in the exterior region of the acoustic event horizon, has changed and hence
Eq. (87) should read
R(z) = z
1
2 (γ−1)(z − 1) 12 (δ−1)(z − a) 12 (ǫ−2){C1 HeunG(a, q;α, β, γ, δ; z)
+C2 z
1−γ HeunG(a, q1;α1, β1, γ1, δ; z)},
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where C1 and C2 are constants, and the parameters α, β, γ, δ, ǫ, and q, which
are given by Eqs. (88)-(92), are now given as follows
α =
1
4a
{
√
25a2 − 16a2(A1x+ +A2x+ +B21 +B22 +B23)− 16ax+(A1 +A3)
+a[4i(B1 +B2) + 4 +
√
1− 16B23 ]};
β =
1
2
[4i(B1 +B2) +
√
1− 16B23 + 4]− α;
γ = 1 + 2iB1;
δ = 1 + 2iB2;
ǫ = 1 +
1
2
√
1− 16B23 ;
q =
1
4
{2iB1[a(2 + 4iB2) +
√
1− 16B23 + 2] + 4iaB2 + 4A1x+
+
√
1− 16B23 − 1}.
The parameters α1, β1, γ1, and q1 are given by the relations
α1 = α+ 1− γ,
β1 = β + 1− γ,
γ1 = 2− γ.
q1 = q + (αδ + ǫ)(1− γ).
Thus, the solution of the radial part of the Klein-Gordon equation has changed.
It is no more given by a confluent Heun function, but now it is given by a
general Heun function. As a consequence, the analogue Hawking radiation
is modified. Then, in order to explicit this modification, we need to discuss
the expansion of the general Heun function, as follows. If γ 6= {0,−1,−2, ...},
then from the Fuchs-Frobenius Theory, it follows that HeunG(a, q;α, β, γ, δ; z)
exists, is analytic in the disk |z| < 1, corresponds to exponent 0 at z = 0 and
assumes the value 1 there, and has the Maclaurin expansion
HeunG(a, q;α, β, γ, δ; z) =
∞∑
j=0
bjz
j,
where b0 = 1, and
aγb1 − qb0 = 0,
Xjbj+1 − (Qj + q)bj + Pjbj−1 = 0, j ≥ 1,
with
Pj = (j − 1 + α)(j − 1 + β),
Qj = j[(j − 1 + γ)(1 + a) + aδ + ǫ],
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Xj = a(j + 1)(j + γ).
Thus, when r → r+ ⇒ x→ x+ ⇒ z → 0, Eq. (93) should have been
R(r) ∼ C1 (r − r+) 12 (γ−1) + C2 (r − r+)− 12 (γ−1) .
Then, considering the time factor, near the canonical acoustic black hole event
horizon r0, Eq. (94) should be written as
Ψ = e−iωt(r − r−)± 12 (γ−1) ,
and thus Eq. (95) should have be done by
1
2
(γ − 1) = i
2κ0
ω ,
where
κ0 = 2cr
3
0 .
From this point on, the analysis of the analogue Hawking radiation expressed
by Eqs. (97)-(111) are all correct.
We apologize for the mistakes and express our gratitude to the colleagues
for the comprehension.
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